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Abstract: The standard mechanism for producing the observed scale-invariant
power spectrum from adiabatic vacuum fluctuations relies on first order derivative of
fields in the action for curvature perturbations. It has been proven [1] that, under this
ansatz, any theory of early universe that matches cosmological observations should
include a phase of accelerated expansion (i.e. inflation) or it has to break at least one
of the following tenets of classical general relativity: Null Energy Conditions (NEC),
subluminal signal propagation, or sub-Planckian energy densities. We extend this
proof to a large class of theories with higher (spatial) derivative or non-local terms
in the action. Interestingly, only theories in the neighborhood of Lifshitz points with
ωk ∝ k0 and k3 remain viable.
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1. Introduction
Observations of Large Scale Structure (LSS) of the universe [2] and Cosmic Mi-
crowave Background (CMB) [3] indicate an approximate gaussian and scale-invariant
power spectrum of primordial perturbations. These features persist over at least three
decades of wavelengths, from largest to smallest observable scales in sky. Tracking
the evolution of the universe back in time, these modes would correspond to scales
larger than Hubble radius, at early times. Inflation, which is an early phase of
quasi-deSitter background expansion, provides a compelling mechanism to generate
a gaussian and scale-invariant power spectrum from vacuum quantum fluctuations,
while at the same time, stretching them to super-Hubble scales. In spite of its suc-
cess in fitting observantional data, testing inflation with certainty remains a difficult
task. This is because without (a constrained) realization of Inflationary action in
any fundamental theory, phenomenologically, different inflationary scenarios can ac-
commodate a variety of possible predictions [4]. While we cannot prove or rule out
inflation with certainty, we can aim to confirm it by exclusion principle, i.e. address-
ing whether there can be another compelling alternative theory of early universe that
is consistent with data. In fact, there have been many proposals over the past two
decades, exploring other alternatives. These proposals range from generating pertur-
bations during ordinary expanding backgrounds with rapidly varying speed of sound
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[5, 6, 7, 8], to bouncing (see [9] and references there) and static universes [10, 11],
varying fundamental speed of light [12] or to theories without explicit space-time
backgrounds [13]. Interestingly, for any of these proposals to succeed, at least one
of the main tenets of general relativity have to be broken. The list usually includes
violating Null Energy Condition (NEC), going through a singularity or superluminal
speed of sound or light. A theorem was recently proven in [1] that shows why this is
true for any alternative scenario to inflation. The theorem states that any scenario
that does not have a phase of accelerated expansion must satisfy one or more of the
following conditions: violating Null Energy Conditions (NEC), superluminal speed
of sound, or super-Planckian energy densities. This result was based on assuming
standard mechanism for producing the observed scale-invariant power spectrum from
adiabatic vacuum fluctuations, where the effective mass mimics the time dependence
of effective mass in de Sitter background. What is interesting about this result is that,
it is not the intrinsic nature of generating super-Hubble fluctuations, but rather the
fact that they persist over at least three decades that makes accelerated expansion
inevitable.
There are other studies investigating specific models [14, 15] or examining the
strong coupling regimes which reach almost similar conclusions [16, 17]. While these
methods are complementary to each other, they differ from each other in some as-
pects. For example, the advantage of the above theorem is that it is more definitive
in constraining scenarios that do not involve early time acceleration. However, the
advantage of the strong coupling argument is that it can be extended to bouncing
models which by nature have to go beyond the validity of General Relativity to cross
the bounce.
Since this proof relies on considering a standard action for curvature perturba-
tions with only first order derivatives of fields, as a natural next step one can ask
whether this theorem still holds if higher derivative or non-local terms contribute to
generation of power spectrum1. Here, we investigate this very question, i.e. whether
this proof is robust against including non-trivial terms in the action such as those
appearing in ghost inflation [20]. While we are carrying a comprehensive analysis of
a large range of possibilities, we are leaving out some unusual ones. These are cases
that are very unlikely to lead to a near scale invariance power-spectrum, but are also
hard to rule out definitively without knowing more details about the actual dynamics
in the scenario. For instance, one may envisage three or more terms in the action
controlling the dynamics of perturbations in different regimes, conspiring to produce
a scale-invariant power spectrum. Ignoring such possibilities, we restrict to actions
with only two dominant terms (at quadratic level in amplitude of perturbations) and
will keep the arguments independent of specific details of the background evolution.
Furthermore, we only include terms that are higher order in spatial derivatives
1For other applications of non-local actions in cosmology, such as explaining the late time accel-
eration of universe or resolving big bang singularity see [18, 19].
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and not time. Actions with higher time derivatives either suffer from Ostrogradski
instabilities or are secretly not higher order (degenerate actions) [21, 22, 23].
The format of the paper is as follows: in Section (2) we review the proof derived
in [1] with additional improvements on the argument. In Section (3) we investigate
extending this proof by including pure spatial higher order derivative or non-local
terms in the action. In (4) we discuss including terms that involve both time and
higher order/fractional spatial derivatives which lead to some peculiar behaviours.
We make our concluding remarks in Section (5). We also recommend the Appendixes
(A) and (B) for readers who find derivation of scale-invariance in non-inflationary
backgrounds or behaviour of different cosmological horizons in such backgrounds
counter intuitive.
2. Necessary conditions to produce the power spectrum from
a standard quadratic action
To calculate the power spectrum of inhomogeneities in our universe, it is sufficient to
perturb the action around a flat Friedmann-Roberston-Walker (FRW) background,
up to quadratic order in curvature perturbations. We start by writing the most
general action for curvature perturbations, including only the quadratic terms and
restricting to first order derivatives:
S2 =
M2pl
2
∫
d3x dτ z(τ)2
[(
∂ζ
∂τ
)2
− cs(τ)2(∇ζ)2
]
. (2.1)
Here τ is the conformal time, cs can be interpreted as speed of sound and z(τ) is
some time dependent function that can be derived from a full action and depends
on the homogenous solution for background. As long as a cosmological model has
only one degree of freedom, the above action captures the most generic features of
the cosmological perturbations. One can show that for hydrodynamical fluids and
scalar fields z(τ) satisfies [24, 25] :
z ≡ a
√
2
cs
. (2.2)
For our discussion here, the actual dependence of z on background parameters is not
relevant. So we just assume it is a differentiable function of time.
The reason for not including a mass term such as m2(τ)ζ2 (or a potential term
V (ζ)2), in the action is that, we are requiring ζ → constant to be a solution in the
infrared limit. This is a necessary condition in order to obtain an attractor solution3.
2Any constant term that does not depend on ζ, is assumed to have been included in the zeroth
order terms of the action.
3The sufficient condition is that the constant mode of ζ be the dominant mode as well.
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Even though the overall sign of the action does not change our argument, we
expect the z2 > 0 in most scenarios. Choosing a negative sign could potentially lead
to ghost instabilities in the presence of other fields.
The only remaining possible corrections to second order terms that can con-
tribute to power spectrum are terms including higher derivatives or non-trivial op-
erators. Here we review the standard mechanism for generating scale-invariant cur-
vature perturbations based on the Action (2.1) and will consider cases where such
terms are important in the following sections.
We now follow the framework introduced in [26] to transform the action (2.1)
into an action with unit speed of sound. This can be accomplished using the time
transformation dy = csdτ :
S2 =
M2pl
2
∫
d3x dy q2
[(
∂ζ
∂y
)2
− (∇ζ)2
]
, (2.3)
where
q ≡ z√cs. (2.4)
The next step is applying the standard mechanism for quantization of a scalar field
in curved space-time. This task is often conducted by transforming the action into
a canonically normalized action for a new auxiliary field v ≡ Mpl q ζ in a flat
background and with time dependent mass. The Action (2.3) is then rewritten as
S2 =
1
2
∫
d3x dy
[
v′2 − (∇v)2 + q
′′
q
v2
]
, (2.5)
where prime represents ∂/∂y. The field v can now be quantized by being promoted
into the field operator vˆ and imposing commutation relation on vˆ and its canonically
conjugate momentum.
Next, we proceed by setting the initial conditions to adiabatic vacuum. The
equation of motion for v in Fourier space is given by
v′′k +
(
k2 − q
′′
q
)
vk = 0. (2.6)
Therefore, the leading WKB condition reduces to
ω2k 
∣∣∣∣ ω′′k2ωk − 3ω
′2
k
4ω2k
∣∣∣∣ , (2.7)
where ω2k ≡ k2−q′′/q 4. In the regime that the WKB approximation holds, the WKB
solution
vk =
1√
ωk
exp
[
−i
∫ y
ωk(y)dy
]
(2.8)
4ωk can be real or imaginary.
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corresponds to the adiabatic vacuum [27].
The standard mechanism for generation of scale invariant spectrum assumes that
the time dependence of q′′/q is such that early times coincide with k2  |q′′/q|, and
also that the WKB approximation holds. In this limit, the solutions asymptote to
simple oscillatory behaviour. At late times, WKB approximation often breaks down
in order to result in a scale-inavriant spectrum (which can be interpreted as particle
production, if it precedes a second adiabatic regime). Mathematically, this implies
|q′′/q| is a growing function in y and also it is a smooth function such that its time
derivatives do not diverge at early times. In other words, as (y − yend) → −∞, we
recover |q′′/q|  k2, |q′′/q|′  k3, etc. For example, for any scenario in which |q′′/q|
has very sharp spikes, then we could have regimes where |q′′/q|  k2 but |q′′/q|′  k3
and the WKB approximation is not valid.
k2
q"
q
time
Figure 1: A smooth function for |q′′/q| that vanishes in early times.
.
Therefore, we restrict our models to cases where |q′′/q| increases in time smoothly.
This enables us to impose adiabatic vacuum condition such that every mode starts
in an approximately Minkowski vacuum state at early times. At late times, modes
evolve such that k2  q′′/q and the general solution to Equation (2.6) should asymp-
tote to the following form:
vk ∼ c1q(y) + c2 q(y)
∫ y 1
q2(y˜)
dy˜ (2.9)
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It is clear here that the asymptotic solution will lead to conservation of ζ or an
attractor solution for a FRW universe only if the time dependence of
∫
dy˜/q2(y˜)
decays away in time. Therefore |q(y)| has to be either growing in time or decaying
slow enough to avoid even a logarithmic divergence. Satisfying this condition in
addition to |q′′/q| being a uniformly growing function of time restricts the choices of
allowed functions for q(y) significantly.
A simple choice that automatically satisfies both of these conditions is to assume
q ∝ (yend − y)µ with µ < 1/2. We can choose yend = 0 for convenience and since
dy > 0, the range of the variation for y will be y ∈ [−∞, 0]. Now substituting this
assumption in to Eq. (2.6), we arrive at:
v′′k +
[
k2 − µ(µ− 1)
y2
]
vk = 0. (2.10)
The solutions to this equation are of the form: C
√|y| fν(ky) where fν is a
Bessel function of order ν
ν = |µ− 1/2|. (2.11)
Therefore, we can write the general solution as:
vk(y) = C1
√
yH(1)ν (ky) + C2
√
yH(2)ν (ky), (2.12)
where H
(1)
ν and H
(2)
ν are Hankel functions of the first kind and second kind respec-
tively. The asymptotic behaviour of Hankel functions for |ky|  |ν2 − 1/4| (after
discarding a constant phase) are:
H(1)ν (ky) ∼
√
2
pik|y| exp [−iky] (2.13)
H(2)ν (ky) ∼
√
2
pik|y| exp [iky] (2.14)
where we also used the fact that y < 0. However, at early times when k2  |q′′/q|
(or ky  |ν2 − 1/4|) we are also imposing the adiabatic vacuum condition from Eq.
(2.8):
vk(y) ∼
√
1
k
exp [−iky]. (2.15)
This implies for our general solution that C2 = 0 and C1 =
√
pi
2
. We can now
calculate the spectrum by looking at the asymptotic behaviour of H
(1)
ν (ky) in the
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limit that |ky|  1:
Pζk ≡ k3
|v2k|
M2Plq
2
= k3
{pi
2
y[H(1)ν (ky)]
2
}( 1
MPlαyµ
)2
' k3
[
pi
2M2Plα
2
]
y1−2µ
[
Γ(ν)
pi
(
2
ky
)ν]2
, for |ky|  1 (2.16)
where α is the constant of proportionality for q ∝ |y|µ. The above result yields that
ns − 1 = 3− 2ν. (2.17)
Thus, to have a near scale invariant spectrum ν has to satisfy:
ν ' 3
2
. (2.18)
We can now use Eq. (2.11) and obtain two solutions for µ:
µ1 =
1
2
+ ν =
1
2
+
3
2
= 2, (2.19)
µ2 =
1
2
− ν = 1
2
− 3
2
= −1. (2.20)
However, as we pointed out before, only a value of µ < 1/2 will lead to conservation of
ζ, i.e. an attractor solution. Therefore, any cosmological scenario with approximate
q ∝ 1/y can lead to a scale invariant spectrum. This result not only alleviates the
need for a slow-roll inflation in order to generate scale-invariant fluctuations, but in
fact proves that one can obtain a scale invariant spectrum in any expansion history
(see Appendix A). In other words , even though applying the naive slow-roll result
ns− 1 ∼ 2(+ d ln Hdt + d ln csHdt ) may suggest otherwise, calculating the spectral index ns
would result in
ns − 1 = 0. (2.21)
In practice, to obtain a non-zero tilt compatible with observations, q must have
deviations from the above solution. For example, allowing for µ to be different from
−1 or have small time dependence can lead to a small tilt 5. For more discussion on
this and the generalized slow-roll condition see [29].
It is crucial to recognize that, in general, the scale which sets the mode freezing is
not the same as when the mode crosses the Hubble radius. We will use the following
notations to differentiate between these two scales:
RH ≡ 1
aH
, (2.22)
5From theoretical perspective there is no obstacle in constructing cosmological models with
exactly scale-invariant spectrum [28].
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Rζ ≡
√
q
q′′
∼ −y, (2.23)
where, RH is referred to as comoving Hubble radius/horizon while Rζ denotes co-
moving “freezout” radius/horizon.
We refer the readers, to Appendix B for a review of different cosmological scales.
Our derivation so far postulates that freezout radius and not Hubble radius should
be shrinking to generate perturbations. In what follows we demonstrate why the
shrinkage of comoving Hubble radius, i.e. acceleration of expansion is still a relevant
mechanism to explain the observations.
We know that during the matter and radiation eras, Hubble radius has been
growing so the large scale perturbations we observe today were outside of the Hubble
horizon in the past. The wavelength of these perturbations range from λf ∼ 1 Mpc
to λi >∼ 3 × 103 Mpc. A simple estimate yields that RH ∼ 1 Mpc at redshifts
around z∗ ∼ 4 × 105 or temperatures around T∗ ∼ 0.1 keV and perturbations with
wavelengths6 λ >∼ 1 Mpc, were all larger than RH at that time. This observation,
together with the observational constraints from Big Bang Nucleosynthesis (BBN),
which require the universe to have become radiation dominated by T ∼ 1 MeV (z ∼
4× 109) impose significant constraints on applying above mechanism for generating
perturbations [1]. The consequence is that any scenario that does not have a phase
of accelerated expansion (or inflation) must satisfy one or more of the following
conditions: violating Null Energy Conditions (NEC), superluminal speed of sound,
or super-Planckian energy densities.
A brief summary of the derivation is provided here, as the extension of this
argument to more general actions bears much resemblance to the standard case.
The proof starts by assuming that the expansion of universe has neither violated
NEC nor has it gone through an accelerated phase in the past. This assumption can
be expressed as  ≥ 1 in early universe where  is defined as  ≡ −H˙/H2 and it
automatically implies that RH has always been growing in time.
Since the generation cannot happen during the radiation era, every mode must
have exited the freezeout horizon before BBN, and according to Eq. (2.23) at a time
corresponding to y ∼ 1/k ∼ λ, in order to become scale invariant. The wavelength
λi corresponding to the largest scale we observe in the sky, is also at least three
orders of magnitude larger than λf . Summing up all these arguments, the following
conditions must be satisfied:
|yi| >∼ 3× 103|yf | (2.24)
|yf | ∼ λf ∼ RH(z∗) ∼ 104RH(zBBN), (2.25)
6scales corresponding to near scale invariant power spectrum.
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which leads to
yf − yi
RH(zBBN)
>∼ 3× 107. (2.26)
Next, integrating the continuity equation,
ρ˙
ρ
= −2H, (2.27)
over time, t, we arrive at
ln
ρi
ρf
= 2
∫ tf
ti
Hdt
> 2R−1H (τf )min(τf − τi). (2.28)
Since RH(y) < RH(yf ) <∼ RH(zBBN) for any y < yf , we obtain
ln
ρi
ρf
>
(
2min
RH(zBBN)
)
yf − yi
c¯s
, (2.29)
where c¯s has been defined as c¯s ≡ (
∫ τf
τi
csdτ)/(τf−τi) = (yf−yi)/(τf−τi). Combining
inequalities (2.26), (2.29) and  ≥ 1 leads to
ln
ρi
ρf
>
6× 107
c¯s
. (2.30)
We can rearrange this condition as
c¯s
[
88 ln 10 + ln
ρi
M4pl
− ln ρf
ρBBN
]
> 6× 107. (2.31)
Since ρf >∼ ρBBN ∼ (1 MeV)4, for above inequality to hold, one of the following cases
must be true:
ρi > 10
26057581M4pl (if c¯s ≤ 1), (2.32)
or
c¯s > 3× 105 (if ρi ≤M4pl). (2.33)
Both of these inequalities, i.e. super-Planckian energy density or superluminal prop-
agation speed, point to a breakdown of general relativistic physics7.
3. Including non-standard spatial derivatives in the action
We now proceed to investigate whether the proof presented in the last section can
be extended to actions where non-standard spatial derivative terms have a dominant
7The argument presented here is an improved version of the proof presented in [1]
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role. We start by replacing the term (∇ζ)2 in action (2.1), with terms of type (∇mζ)2
with m being an non-zero integer number:
S2 =
M2pl
2
∫
d3x dτ z(τ)2
[(
∂ζ
∂τ
)2
− λ¯2m−2b(τ)2(∇mζ)2
]
. (3.1)
Here, b(τ)2 is a possible time dependent coefficient and we have introduced the
constant scale, λ¯ to keep b(τ) dimensionless. The assumption of a positive b(τ)2, as
opposed to a negative function, has been presumed to allow for a well behaved WKB
limit in early times, and is similar to discarding the standard quadratic action with
imaginary sound speeds. We can re-express this action in Fourier space8 and then
extend the scope of our analysis to include non-integer values of m as well,
S2 =
M2pl
2
∫
d3k dτ z(τ)2
[(
dζk
dτ
)2
− λ¯2m−2b(τ)2k2mζ2k
]
. (3.2)
In general, non-positive and non-integer values of m can be associated with integra-
tion operators or fractional derivatives9. These operators, unlike regular derivatives,
will no longer be local operators. Surprisingly, as we see below, our analysis, in spite
of its simplicity, is able to rule out most of this parameter space as well. We could
also assume a more general class of operators by replacing λ¯2m−2b(τ)2k2m with an
arbitrary function f(k). However, as we will see only those operators corresponding
to powers of k could generate a scale invariant power-spectrum.
Once again we can reparametrize time to absorb the time dependence of b(τ)
into the variable y defined as dy ≡ b(τ)dτ and function q(y) ≡ z√b. This will turn
the action into the following form,
S2 =
M2pl
2
∫
d3k dy q(y)2
[(
dζk
dy
)2
− λ¯2m−2k2mζ2k
]
, (3.4)
8Our crucial assumption here is that the perturbations have well defined Fourier transformations.
9Fractional derivatives and integrations can be defined as,
∇mζ ≡ 1
(2pi)3
∫ +∞
−∞
(−ik)m ζke−ik.xd3k
=
∫ +∞
−∞
Dm (x− y) ζ (y) dy,
where
Dm(x− y) ≡ 1
(2pi)3
∫ +∞
−∞
(−ik)me−ik.(x−y)d3k. (3.3)
In general Dm(x − y) does not vanish for nonzero values of (x − y) which yields to nonlocality.
However, when m is a positive integer number, Dm(x− y) corresponds to mth derivative of Delta
function, δ3(x− y), and restores locality.
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where y has the dimension of time. We can now proceed to introduce the canonical
variable vk ≡Mpl q ζk similar to previous section and express the action in a canonical
form
S2 =
1
2
∫
d3k dy
[
v′2k − λ¯2m−2k2mv2k +
q′′
q
v2k
]
. (3.5)
The equation of motion derived from the above action in Fourier space is
v′′k + (λ¯
2m−2k2m − q
′′
q
)vk = 0. (3.6)
The argument provided in previous section for the rate of the growth of q and |q′′/q|
in time, can be applied here as well. Therefore, the simplest analytical functions
compatible with these conditions are q ∼ α(−y)µ with µ < 1/2. This will lead to
the equation of motion taking the form of a transformed Bessel equation
v′′k +
[
λ¯2m−2k2m − µ(µ− 1)
y2
]
vk = 0. (3.7)
The solutions to this equation are of the form: C
√|y| fν(λ¯m−1kmy) where fν is a
Bessel function of order ν. Note that Bessel equation is symmetric under ν → −ν,
so we choose the positive value of the order to represent the solutions
ν = |µ− 1/2|. (3.8)
Therefore, we can write the general solution as:
vk(y) = C1
√
|y|H(1)ν (λ¯m−1kmy) + C2
√
|y|H(2)ν (λ¯m−1kmy), (3.9)
where H
(1)
ν and H
(2)
ν are Hankel functions of the first kind and second kind respec-
tively. At early times, when |λ¯m−1kmy|  √µ(µ− 1) = |ν2 − 1/4|1/2 and the
dispersion relation is given by ωk ∼ λ¯m−1km, the solution should asymptote to the
adiabatic vacuum condition from Eq. (2.8),
vk(y) ∼
√
1
λ¯m−1km
exp [−iλ¯m−1kmy]. (3.10)
Now looking at the asymptotic behaviour of Hankel functions at early time,
|λ¯m−1kmy|  |ν2 − 1/4|1/2 we get
H(1)ν (λ¯
m−1kmy) ∼
√
−2
piλ¯m−1kmy
exp [−iλ¯m−1kmy] (3.11)
H(2)ν (λ¯
m−1kmy) ∼
√
−2
piλ¯m−1kmy
exp [iλ¯m−1kmy], (3.12)
where we used the fact that y < 0 and discarded the phase. Once again, the impli-
cation of this for our general solution (3.9) is that C2 = 0 and C1 =
√
pi
2
.
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We are now ready to calculate the power spectrum using the asymptotic be-
haviour of H
(1)
ν (lm−1p k
my) in the Infrared limit where |λ¯m−1kmy|  |ν2 − 1/4|1/2,
Pζk ≡ k3
|v2k|
M2plq
2
= k3
[−pi
2
y(H(1)ν (λ¯
m−1kmy))2
]
(
1
Mpl α (−y)µ )
2
' k3
[
pi
2M2plα
2
]
(−y)1−2µ
[
Γ(ν)
pi
( −2
λ¯m−1kmy
)ν]2
for |λ¯m−1kmy|  1.
(3.13)
The spectral index for this spectrum is
ns − 1 = 3− 2νm, (3.14)
so to have a near scale invariant spectrum, ν has to satisfy
ν ' 3
2m
. (3.15)
As we had expected the standard case of m = 1 and ν = 3/2 is consistent with this
result. This result also shows that since ν > 0, a negative value of m cannot lead
to a scale invariant power spectrum10. Also notice that, have we started with an
operator corresponding to f(k), instead of k2m, then we would get
Pζk ∝ k3f(k)−ν , (3.16)
which could only lead to scale invariance if f(k) ∝ k3/ν or as we promised a power
of k.
Again, Eq. (3.8) will result in two solutions for µ
µ1 =
1
2
+ ν =
1
2
+
3
2m
(3.17)
µ2 =
1
2
− ν = 1
2
− 3
2m
. (3.18)
However, as it was pointed out only a value of µ < 1/2 corresponds to an asymp-
totically constant amplitude for ζ. We can see that for µ1, by substituting it in Eq.
(3.13) and that
Pζk ∝ |y|−4ν (3.19)
diverges as y → 0. In the case of µ2, Pζk is not time dependent and agrees with
conservation of ζ on large scales.
10A scenario with negative value of m is a strange case, where smaller wavelengths cross the
freezing horizon earlier than larger wavelengths.
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The situation for m = 3 is very peculiar. In this case q is constant and the mass
term in Eq. (3.6) drops out completely, leading to pure oscillatory solutions. This
is similar to behaviour of perturbation in radiation dominated background. In both
cases, strictly speaking ζ is not asymptotically constant in Infrared limit. However, in
that limit, in this case λ¯2k3  |1/y|, oscillations become very slow compared to time
scales of the evolution of the background. Thus, m = 3 and µ = 0 describe scenarios
where setting adiabatic vacuum initial condition corresponds to scale invariant power
spectrum on all scales. An example of a similar situation has been previously studied
in [30], motivated by the power-counting renormalizibility of quantum gravity at a
Lifshitz point [31].
So far, we can conclude any succesful scenario must correspond to
µ ≈ 1
2
− 3
2m
, (3.20)
with m > 0.
We will now repeat the steps from inequality (2.24) to inequality (2.30) for gen-
eral case of m > 0. Here instead of the lower bound of 1000 for the ratio of largest
wavelength to smallest one, we will use eN so the analogy of our final constraints
to the inflationary e-folding number, Ne is more clear. Note that, in general, freez-
ing occurs at λ¯m−1km|y| ∼ |ν2 − 1/4|1/2 or |y| ∼ 1
2
λ¯1−m
√|9/m2 − 1|λm. So our
inequalities λi > e
N λf and λf ∼ RH(z∗) become
|yi| & emN |yf |, (3.21)
|yf | ∼ 1
2
λ¯1−m
√
|9/m2 − 1| RmH(z∗). (3.22)
Now, combining these estimates, we arrive at:
yf − yi > 1
2
λ¯1−m × 104m(emN − 1)
√
| 9
m2
− 1| RmH(zBBN). (3.23)
After Integrating the continuity equation ρ˙/ρ = −2H over time and in the absence
of accelerated expansion, the inequality (2.28) remains the same. If we define the
average of b(τ) through
b¯ ≡
∫ τf
τi
b(τ)dτ
τf − τi
=
yf − yi
τf − τi , (3.24)
then we have
ln
ρi
ρf
> 2R−1H (zBBN)min
yf − yi
b¯
. (3.25)
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Combining inequality (3.23), (3.25) and  ≥ 1 leads to
ln
ρi
ρf
> 104m(emN − 1)
√∣∣∣∣ 9m2 − 1
∣∣∣∣ λ¯1−mRm−1H (zBBN)b¯ . (3.26)
Note that the dispersion relation for angular frequency of the solution in the limit of
λ¯m−1km|y|  |ν2− 1/4|1/2, is not generally linear in wave number. Therefore, b¯ does
not necessarily represent the speed of sound either. However, we can use the group
velocity, cg, to estimate the speed at which wave packets propagate. Group velocity
can be derived from the dispersion relation, ω¯k, for τ ,
cg(τ, λ) =
∂ω¯k(τ)
∂k
=
∂
∂k
(
∂
∂τ
λ¯m−1kmy(τ)
)
= b(τ)mλ¯m−1km−1
= b(τ)m
(
λ
λ¯
)1−m
. (3.27)
If we define cmax(λ) as the maximum value of cg(τ, λ) during the period of τi to
τf , we obtain
b¯ < m−1
(
λ
λ¯
)m−1
cmax(λ). (3.28)
Substituting this result in relation (3.26) leads to
cmax(λ) ln
ρi
ρf
> 104m(emN − 1)
√
|9−m2|
(
RH(zBBN)
λ
)m−1
. (3.29)
While this constraint could be applied for any wavelength λf < λ < λi, the notion of
signal propagation is only relevant for scales smaller than the freezeout horizon (i.e. in
the WKB regime), where group velocity characterizes the speed of signal propagation.
Since only the shortest wavelength λf remains in this regime throughout the period
τi < τ < τf , Eq. (3.29) can only be used to limit the speed of signal propagation for
λ = λf . Substituting λf ∼ 1 Mpc ∼ 104RH(zBBN) 11 in the inequality (3.29) will
require
cmax ln
ρi
ρf
> 104(emN − 1)
√
|9−m2|. (3.30)
This result demonstrates how the effects of sub/superluminality, the allowed range
of energy density and number of e-foldings have to compensate each other in order to
satisfy the observational constraints. For example, for both cases of m = 1 and m = 2
11Note that λ is in comoving scales so its value is the same as today.
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substituting the observational evidence of N > 8 (λi/λf & 3 × 103) implies either
superluminality or super-Planckian energies. In fact, requiring only the range allowed
by subluminality and sub-Plankian energy densities (cmax ln
ρi
ρf
. ln M
4
pl
ρBBN
∼ 88 ln 10),
we can obtain an upper bound on the value of N
N <
1
m
ln
[
2.03× 10−2√|9−m2| + 1
]
. (3.31)
Figure (2) shows the trend of upper bound on N for different values of m. This
bound rules out N ∼ 8 for any (positive) m, with the exception of |m− 3| . 10−25,
or m . 10−3. As we expected, the analysis breaks down at m = 3 (where we have
Lifshitz symmetry).
10-4 0.01 1 100
10-6
10-4
0.01
1
100
m
N M
ax
Figure 2: Upper bound on the number of scale-invariant, sub-luminal, and sub-planckian
e-foldings, Nmax, for different values of m, the “number” of spatial derivatives of curvature
in the quadratic action. Nmax(m) diverges for m → 0 and 3. It should be & 8 to be
consistent with cosmological observations.
.
To summarize this section, most local and non-local actions with nontrivial spa-
tial terms cannot admit alternative scenarios to inflation without violating some
principles of general relativity or are very tightly constrained by observations. We
first showed that the Fourier transform of these terms should have a power law form
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with a positive power to admit scale invariant spectrum. Next, we showed that no
value of m, except for m ' 3 or 0 < m . 10−3 (the latter corresponds to very non-
local operators), supports the observed data in the framework of general relativity,
without an accelerated expansion phase (or inflation).
Note that the argument expressed above relies on the validity of the freezing
process to turn vacuum perturbations into a scale-invariant spectrum. However, for
m ≈ 3 since Vacuum perturbations are scale-invariant to begin with, this argument
can not be applied. Also in this case choosing a different value of µ that does not
comply with Eq.(3.17), does not necessarily rule out the scenario. A none zero µ
may only set an upper bound on scales bellow which spectrum is scale invariant.
So as long as that scale is larger than (a0H0)
−1 the spectrum is consistent with the
constraints.
It is also worth mentioning that including a tilt, i.e. the fact that the power
spectrum does not appear to be exactly scale-invariant can easily be implemented
in this analysis by inserting ns − 1 ∼ −0.04. That will slightly change the relation
between Nmax and m
12. However, it will not make any significant impact on our
conclusion. For example, the value of m for which Nmax diverges will be shifted to
m ' 3.04 but the plot in Figure (2) remains essentially the same.
Furthermore, the derivation of the upper bound on N for km operators is nearly
independent of the choice of initial condition. Basically, the vital information about
behaviour of the solution that was used to derive the bound came from the dispersion
relation in the ultraviolet regime, and that the modes have to cross a freezing scale.
However, this information can be derived from equation of motion and does not
depend on initial conditions. We showed that choosing adiabatic vacuum initial
condition fixes the relation between ν and m through Eq. (3.13). Choosing a different
initial condition introduces, C(k), some function of k in RHS of Eq. (3.13) which
needs to be canceled off by k2mν−3. This is only possible if C(k), is a power of k,
i.e. C(k) ∝ ks. Substituting 2mν − 3 = s into our analysis will consequently lead
to replacing
√|9−m2| in Eq. (3.31) by √|(3 + s)2 −m2| which only stretches or
squeezes Plot (2) depending on the power, s, but does not affect the behaviour of
Nmax qualitatively. This enables us to extend our result to different choices of initial
conditions that could also lead to scale-invariance.
4. Actions with mixed temporal and spatial derivatives
In the previous section, we studied a large class of actions, which involved non-trivial
spatial derivative operators. However, one can ask wether the same analysis can be
extended to operators which have mixture of time and spatial derivatives. In general,
the inclusion of such terms can change the nature of equation of motion drastically.
12
√|9−m2| in Eq. (3.31) has to be replaced by √|3.042 −m2|.
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For example, we can no longer benefit from a Bessel type equation of motion. This
means complexities in regard to possibility of setting adiabatic vacuum conditions,
distinguishing a freezing scale and eventually obtaining a scale invariant spectrum.
In this section, we consider a simple example of such actions to demonstrate some
of these subtleties and why, in general, we do not expect such actions to lead to a
scale-invariant spectrum. The following action involves a term with both time and
spatial derivative
S2 =
M2pl
2
∫
d3x dτz2 (τ)
[(
∂ζ
∂τ
)2
+ λ¯2mb2 (τ)
(
∇m ∂ζ
∂τ
)2]
. (4.1)
As before, b (τ) is a dimensionless function of τ . Expressing the above action in
Fourier space we obtain
S2 =
M2pl
2
∫
d3kdτz2 (τ)
(
1 + k2mb2(τ)λ¯2m
)
ζ ′2k (τ)
=
M2pl
2
∫
d3kdτq2 (k, τ) ζ ′2k (τ), (4.2)
where prime in this section represents ∂
∂τ
and q is given by
q2 (k, τ) ≡ z2 (τ) [1 + λ¯2mk2mb2(τ)] . (4.3)
Defining the canonically normalized variable vk ≡ Mpl q ζk, the action given in 4.2,
expressed in terms of the new variable vk (k, τ), takes the following form
S2 =
1
2
∫
d3kdτ
[
v′2k +
q′′
q
vk
2
]
, (4.4)
and the corresponding equation of motion would be
v′′k −
q′′
q
vk = 0. (4.5)
This equation has general solutions given by
vk = C1(k)q(k, τ) + C2(k)q(k, τ)
∫
1
q2(k, τ˜)
dτ˜ . (4.6)
Next, we need to examine whether there exists any particular solution which is con-
sistent with an attractor FRW background, imposing adiabatic vacuum condition at
early times, and leads to scale-invariance at late times. This means the time depen-
dence of
∫
1
q2(k,τ)
dτ˜ is decaying in time, there is a limit where w ∼
√
q′′
q
satisfies WKB
conditions and finally, C1(k)
2 ∝ k−3. We assume different hypothetical behaviours
for b(τ) and argue that all these three conditions can not be satisfied at the same
time.
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The first case is when in early times 1 λ¯2mk2mb2(τ) for the wavelengths of our
interest, such that q ∼ z b λ¯mkm. In this case, if the WKB regime exists it must be
described by w ∼
√
− (zb)′′
zb
which is independent of k. Since the adiabatic vacuum
solution should match the solution given by Eq. (4.6) in the same limit, we conclude
C1(k) ∝ k−m and C2(k) ∝ km, in order to cancel the k dependences of each term.
However, C1(k) ∝ k−m together with C1(k)2 ∝ k−3 already rule out the possibility
of scale-invariance for any m 6= 3/2.
Next we assume in early times 1  λ¯2mk2mb2(τ). Similarly in this case, if the
WKB regime exists it must be described by w ∼
√
z′′
z
which is independent of k
as well. Comparing the vacuum solution with Eq. (4.6) we conclude C1(k) and
C2(k) are also independent of k. However, that is inconsistent with the condition
C1(k)
2 ∝ k−3. One could imagine other possibilities for the asymptotic behaviour of
q in the early time as well. However, in general satisfying a WKB initial condition
where vk ∼
√
q
q′′ exp [−i
∫ √
q′′
q
dτ ] and at the same time Eq. (4.6) in that limit with
C1(k)
2 ∝ k−3 is not possible.
To conclude this section, inclusion of terms with mixture of time and spatial
derivatives changes the nature of equation of motion drastically, which makes them
harder to investigate without knowing the details of the scenario. However, it seems
very unlikely that these types of actions could be successful as alternatives for gen-
erating scale-invariant perturbations. For example, for actions of type Eq. (4.1) and
with a very limited knowledge about the time dependence of b(τ), we could rule
out the possibility of generating scale-invariant power spectrum, except for when
m = 3/2. That is not to say that the non-local case of m = 3/2 will naturally lead to
scale-invariance either. Even in that case, engineering the time dependence of both
z(τ) and b(τ) to satisfy all the constrains is not a feasible task13.
5. Concluding Remarks
Cosmological observation of Cosmic Microwave Background (CMB), as well as Large
Scale Structure (LSS) both point to initial conditions consistent with adiabatic,
nearly scale-invariant and Guassian primordial spectrum of perturbations. The state
of present observations can attest that these features persist for at least three decades
of wavelengths in the sky. Combining this simple piece of information with our other
observationally tested knowledge about early universe, i.e. that the scale of observed
perturbations were about four orders of magnitude larger than Hubble radius during
Big Bang nucleosynthesis, enables us to significantly constrain the possible scenarios
of early universe.
In this paper we studied this question, assuming such perturbations were gen-
erated by including higher order derivatives or non-local operators in the quadratic
13We postpone the study of these unusual scenarios to another paper.
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action for curvature perturbations ζ. This can be considered as a natural generaliza-
tion of a standard action with only first order derivative for ζ. Under the assumption
that these fluctuations were generated from adiabatic vacuum initial conditions, we
were able to deduce important constraints on the background evolution and validity
of the different tenets of general relativity.
Our result was an improvement and extension of the domain of validity of the
theorem proved in [1], to a far larger class of local and nonlocal actions. This theo-
rem states that any scenario which does not have a phase of accelerated expansion
(or inflation) must satisfy one or more of the following conditions: violating Null
Energy Conditions (NEC), superluminal speed of sound, or super-Planckian energy
densities. We showed that without breaking any of these conditions, a large group
of alternative scenarios for inflation with higher derivative or non-local actions are
ruled out. Interestingly, only theories in the neighbourhood of Lifshitz points with
ωk ∝ k0 and k3 remain viable.
It is also worth mentioning that our result is nearly independent of the choice
of initial conditions. Basically, the vital information about behaviour of the solution
were the dispersion relation in the ultraviolet regime and the fact that modes crossed
a freezing scale. However, this information can be derived from the equation of
motion and does not depend on initial conditions/state. An initial condition different
from adiabatic vacuum can change the value of Lifshitz point ωk ∝ k3, where the
exclusion neighbourhood is located, to a different point but it does not affect our
result qualitatively. This enables us to extend our result to different choices of initial
conditions that could also lead to scale-invariance.
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A. Producing Scale Invariant spectrum in any expansion his-
tory
In Section 2, we demonstrated that a cosmological background satisfying q ∝ y−1 can
lead to scale invariant superhoriozn curvature fluctuations. For scenarios sourced by
– 21 –
scalar fields or hydrodynamical fluids, q is related to the expansion of the universe
and the speed of sound through:
q =
a
√
2√
cs
. (A.1)
Combining these two conditions, we get
a
√
2√
cs
=
−α
y
, (A.2)
where α is a positive number and related to the amplitude of perturbations, through
Eq. (2.16). The equation above, as we show here, can be easily solved for any
expanding background. We start be rewriting y in terms of conformal time, τ in Eq.
(A.2),
a
√
2√
cs
=
α∫ τe
τ
csdτ
, (A.3)
where τe refers to the corresponding conformal time at yend = 0. This equation leads
to a first order differential equation for cs:
−cs
α
=
(
√
cs),τ −√cs(ln a
√
2),τ
a
√
2
. (A.4)
By a change of variable u ≡ 1/√cs, we get
a
√
2
α
(
1
u
)
− u,τ
u
= (ln a
√
2),τ , (A.5)
which can be re-organized as
(ua
√
2),τ =
2a2
α
. (A.6)
Now integrating (A.6) we obtain:
u(τ) =
√
2
αa(τ)
√
(τ)
∫
a2(τ˜)(τ˜)dτ˜ . (A.7)
Therefor for any given expansion evolution described by a(τ), one can derive the
speed of sound, cs(τ) such that the scale-invariant condition is satisfied. The follow-
ings are some known examples which can be derived from above relation:
• Taking inflationary or adiabatic ekpyrotic cases that a(τ)√(τ) ∼ −1/τ (note
that τ˜ ∈ [−∞, τ ]) leads to cs ∼ const..
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• Taking  ∼ const. we have a ∝ τ γ (γ ≡ 1/(− 1)). Therefore from Eq. (A.7),
u ∝ τ /(−1) and leads to cs ∝ τ 2/1− . In particular setting a ∝ τ or  = 2
(τ ∈ [0,+∞]) results in u ∝ τ 2 hence cs ∝ τ−4. This case is referred to as
tachyacoustic model where sound speed starts very large and falls rapidly (see
[7] for more details). Also note that in this case y ∼ −1/τ 3 and even though
τ runs from zero to infinity, y runs from minus infinity to zero consistent with
our horizon exiting argument put forward before. We also get a similar result
for a
√
 ∝ τ γ, including cases that  is varying rapidly but variation of a or H
are not significant.
Once a(τ) and cs(τ) are known, one can always reconstruct non-canonical scalar
field actions consistent with their evolution [4].
B. Disambiguation of different cosmological scales in scenar-
ios with varying speed of sound
The significance of different Cosmological horizons/scales is often confused in the
literature. This is mostly because some of the common assumptions that govern the
dynamics of the cosmological models, dictate particular relations between different
scales as well. The confusion has been further enhanced by the fact that, historically,
these coincidental relations have lead the cosmologists to use misleading terminology
as well. However, it is important to keep in mind that once dealing with models
that deviate from the standard cosmological scenarios, as some of the underlying
assumptions are removed, cosmological scales may not inherit the characteristics we
are familiar with either. A famous example of this phenomenon is of course the well
known resolution to the Horizon problem in inflationary scenarios. Unlike radiation
dominated universe, during inflation the Hubble radius and causal horizon deviate
significantly from each other, making it possible for causal horizon to grow exponen-
tially (in physical coordinates), while the Hubble radius remains nearly constant.
The situation becomes more subtle when sound speed deviates from unity, and
furthermore, varies in time significantly. In such cases, the relevant scales for influ-
ence of background gravitational effects, or the freezing process, will no longer be
given by the Hubble radius. In what follows, we briefly review the definition of these
scales to clear up some of the misconceptions about these scales.
We start by reminding the readers about the significance of the Causal horizon.
This scale often arises in connection to the topic of horizon problem. The thermal
homogeneity of CMB across the sky points to a common initial condition on very
large scales. There is an issue, however, if we assume a causal mechanism starts
homogenizing our observable universe at some finite time in the past, τin. For an
FRW metric, the size of this scale is simply given by the distance light has traveled
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since that initial time, which in comoving coordinates corresponds to:
RL ≡
∫ τ
τin
dτ = τ − τin. (B.1)
For scenarios with varying speed of sound, we can also calculate this radius in terms
of the time variable y through the following relation
RL ≡
∫ y
yin
dy
cs(y)
. (B.2)
In the old standard cosmology, universe was dominated either with matter or ra-
diation. In this picture, taking the initial time to be when the energy density is
Planckian or even when it diverges i.e. the Singularity, would result in a small
casual horizon not sufficient to cover our observable Universe, which leads to the
Horizon problem. However, during inflation, since energy density is almost constant
τin can be pushed significantly further back
14.
Next, let us move on to the so called Hubble radius or as it is sometimes referred
to Hubble horizon. This scale, as its name suggests, simply characterizes the length
scale calculated from Hubble constant, and in comoving coordinates is given by:
RH ≡ 1
aH
. (B.3)
In the old standard cosmology the value of causal horizon and this scale follow each
other closely. However, as we pointed out earlier, the two of them differ significantly
for slow-roll inflationary scenarios. Causal Horizon expands in time during slow-roll
inflation (both in physical and comoving coordinates) but Hubble constant remains
nearly constant and RH shrinks during this period. An important relevance of this
scale for single field slow-roll models is that it also represent the scale of space-time
curvature; The radius of curvature for these models translates into the size of the
wavelengths where modes start to freeze out.
As we explained in Section 2 in detail, the scale of freezing (if the model allows
it) can be directly approximated by Eq. (2.23):
Rζ ≡
√
q
q′′
(B.4)
and it often but not necessarily also coincides with the scale that WKB approximation
breaks down. However, we know ζk does not become constant in the presence of
entropy perturbations. Furthermore, there are cases where Rζ diverges, such as the
14This is a very simplified version of the story. There are some subtle issues regarding initiating the
inflation, Bunch-Davies vacuum initial conditions, etc. These issues can complicate the problem and
even question whether inflation actually resolves the Horizon problem. However, those discussions
are beyond the scope of this paper.
– 24 –
radiation dominated backgrounds, but there is still some finite scale above which
modes are approximately conserved. Therefore, it might be more accurate to say, for
adiabatic perturbations Rζ sets an upper bound on the threshold outside which, ζk
is almost constant. One can show that, for standard actions, if cs = 1 and slow-roll
parameters are small then Rζ ∼ RH . If the assumption of cs = 1 is relaxed into a
constant speed of sound then Rζ ∼ csRH .
Last, let us also say a few words about sound horizon, RC , relevant to scenarios
with non-unitary speed of sound. Similar to causal horizon, one can wonder about
the distance sound-waves have travelled since some initial time. This scale, could
depend on wavelengths as well. We can calculate this distance in the following way
RC ≡
∫ τ
τin
cs(τ)dτ
= y − yin. (B.5)
Once again under certain assumption such as constant cs or small slow-roll variables
one may find, RC ∼ csRL, RC ∼ Rζ or RC ∼ csRH , but in general these relations
may not hold.
To end this appendix, we provide an example in which these scales behave very
differently from each other. Using the method in Appendix (A), we were able to
numerically explore the solutions in which sound speed varies but such that it can
still generate scale invariant modes. For simplicity and to produce dramatic effects
we chose a non-accelerating universe with constant  = 1.09. The model represents
a background which is close to zero decelerated expansion. Nevertheless, it suffices
for our illustrative purposes. We also set the initial time to when energy density
is Planckian. Figure (3) illustrates the result for this model. The top plot in the
figure shows the derived evolution of sound speed in order to produce scale-invariant
spectrum . As we see the propagation of modes remains subluminal for this model
at all times. The lower plot demonstrates how the evolution of different cosmological
scales differ from each other as functions of y. Some interesting features to note
are for example that causal horizon becomes much larger than all the other scales
very early on. Another interesting feature is that even though cs remains less than
one at all times, contrary to the common belief that RC < RH for cs < 1, sound
horizon crosses Hubble radius. That intuition is mostly based on the situations
where RC ∼ cs/aH which is definitely not valid for cases where sound speed varies
significantly.
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Figure 3: An example of a non-accelerating universe with  = 1.09, in which sound speed
varies such that one can generate a scale invariant spectrum of curvature fluctuations. The
top plot shows the evolution of sound speed and that the propagation of modes remains
subluminal for this model at all times. The lower plot demonstrates the evolution of
different cosmological scales as functions of y =
∫
csdτ . The magenta and green curves
represent the distances light and sound each travel respectively, since the Planck time. The
orange and blue curves represent freezout and Hubble radii respectively.
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